Math 4200

Monday November 2
3.3 Laurent series. We'll prove the Laurent series theorem for analytic functions in

annuli, which we illustrated on Friday with rational function examples.
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Laurent Series Theorem For 0 < R1 < R2 let
. A={Z€ 03|R1 < |Z—ZO| <R2}

be an open annulus (or punctured disk in case R, =0). Then (1) and (2) below are

equivalent, and the uniqueness of Laurent coefficients (3) also holds:
(1) f:A4—C is analytic.
@ (2) f(z) has a power series expansion using non-negative and negative powers of
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® (3) The Laurent coefficients a, , k € Z are uniquely determined by f. Specifically, if
yisany p.w. C' contour in 4, with / ( Y, zo> =1, e.g. any circle of radius r, with R

<r< Rz’ then
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We'll discuss (2) = (1), (2) = (3) on this page, and = (2) on the next page.
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proof of (1) = (2) in the Laurent series theorem:
Laurent Series Theorem For 0 < Ry < R, let

be an open annulus (or punctured disk in case R; =0). Then (1) and (2) below are

equivalent, and the uniqueness of Laurent coefficients (3) also holds:
(1) f:A—-Cis analytlc
@ (2) f(z) has a power series expansion using non-negative and negative powers of
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= §1(z) + Sz( z).
Here S| (z) converges uniformly absolutely for any compact subdisk
|Z_Zo| S Vz < Rz.
[And S, (z) converges uniformly absolutely for |z —z)| = r; > Ry,

proof:+Let € > 0. Consider z in the compact subannulus

. R1—|—28S|z—zo| <R,—2e. Lety, be the circle ’C— =R, +¢g, let\(2 be the

o‘ B
circle ‘C — 20’ =R, — ¢, and let Y, be a concentric circle arround z or radius less than €.

(See figure.) Use the section 2.2 replacement theorem for the first equation below, and
then the CIF for the second one:
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Now use our geometric series wizardry to find the Laurent expansion for f(z)!
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On the next two pages we use Laurent series to classify isolated singularitiés, and give
equivalent geometric conditions which characterize the three kinds: removable
singularities, poles, essential singularities. And we will revert to the text's lettering for
the coefficients of the positive and negative powers in a Laurent series. f(z) has an
isolated singularity at zy means that there is some radius » > 0 so that f is analytic in

the punctured disk D(z), r) \ {zy} We write the Laurent series as

o /V(a""-)
f(z)= Zan(z—zo o+ z

n=0 m=1 Z—Zo)




{solaled s¢ u(m'Jr'lf- 4alle
Ll‘ g a\«-o.lai'c %8 D(?,;V\\iz;\, Sove r20

&l-p\‘hu'l\‘d’\ﬂ ¢

s U{ si v\kAl\—:‘{' . : . y

3‘1& V\j J L_AU\I\LIN‘{ Serna g ¢°H+’\A(— c.l«aAAr,l"—'\« 4\1‘\
@z, de R ko 3Lb¢(~%u~r\ oF £ V\’-‘”\:‘S%o)m

¢ emovableo > qunus :
( becance f 2x leads ‘ 5(}\ - th(l‘%)h il @ i 5(?:)1 LE @ (Usb
_‘_D loe "Wu‘—la*‘.t@zo w=0 u ?—-1'20
(e MSA‘{’\V{ potnas wlL.S)| ¥

@ e ™ W o<la-g e

X & Sont 0<gcy

@ l\wx- J(’{)(}'Zo‘) —t O

152,
,X_"\L (N‘”“‘?‘&” §la = Z«“(?-zg“ O lime $2)= o0 (He worl. @

o{ orden Néﬂ\/ k=0 N toe, PKL%'H«I,

+ Lw\ QQMNA“-SFL‘%)
0 Simple E"& i N=| ) (3-2)
wir by # 0
B e L

e (\/‘;?L : ( N-l %(2) =(3-2,) F(2) .
- | -~ -4 bl ’l-%o') has a reuw-owabla Siv:yﬂaa«n

L~ a = v
[ . / * QOLQ‘Q("\N+-' ) P 2=2,, wit ‘a(?a)?b
@

2= X*{j

fv= A~ cb(ﬂ
@2,
aha\Akc @ 20

o |2l o (H w-(0,0,1)



V O <<y
F(Dz50~30) = C !

43(\-’- of s.‘v\sdww'l'\zf Lamment soms JJ)( 3@.5\«%{'»\ CL“‘-‘“‘“‘—L&?'_S«\Y'»-
@ 2,
2 tind sfu\u_ﬂm'lzr $z) < th(l 3™
=0 oo
b
+ —
%Ci E") (\u far_{- , ol s ) Gnd i

Celld ™ P;LMJ s _Tl\_.\," ‘

000 ~183)
tontaing all @ on.f{'
:f-h, a}l wogt & Single ‘P,l‘h'}\‘

v D<e<r )
14, j((%)’—e% @z=0
5 (Do fo]) = €]
VC)O.




